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The quantum dynamics of interacting many-body systems has become a unique venue for the
realization of novel states of matter. Here we unveil a new class of nonequilibrium states that
are eigenstates of an emergent local Hamiltonian. The latter is explicitly time dependent and, even
though it does not commute with the physical Hamiltonian, it behaves as a conserved quantity of the
time-evolving system. We discuss two examples of integrable systems in which the emergent eigen-
state solution can be applied for an extensive (in system size) time: transport in one-dimensional
lattices with initial particle (or spin) imbalance, and sudden expansion of quantum gases in opti-
cal lattices. We focus on noninteracting spinless fermions, hard-core bosons, and the Heisenberg
model. We show that current-carrying states can be ground states of emergent local Hamiltonians,
and that they can exhibit a quasimomentum distribution function that is peaked at nonzero (and
tunable) quasimomentum. We also show that time-evolving states can be highly-excited eigenstates
of emergent local Hamiltonians, with an entanglement entropy that does not exhibit volume-law
scaling.
I. INTRODUCTION
Experiments with ultracold gases [1–7], photonic
[8, 9] and solid state systems [10–12], and founda-
tional theoretical developments [13–16] are driving
the study of the dynamics of quantum many-body
systems at a rapid pace. When taken far from equi-
librium, generic isolated quantum systems typically
thermalize [17], whereas integrable systems (charac-
terized by an extensive number of local conserved
quantities) do not. They are instead described by
generalized Gibbs ensembles [18, 19]. For noninte-
grable systems close to integrable points, one expects
relaxation to long-lived states (prethermal states
[20]), that can also be described using generalized
Gibbs ensembles [21–23]. Drawing from notions of
the equilibrium renormalization group, prethermal
states can be understood as being nonthermal fixed
points [24]. More recently, the discovery of dynam-
ical phase transitions [25–27], which are the result
of nonanalytic behavior in time, has added another
dimension to the connection between quantum dy-
namics and traditional statistical mechanics.
Here, we add yet another paradigm to this al-
ready rich phenomenology. It is motivated by re-
cent theoretical studies that have revealed an in-
triguing emergence of power-law correlations (like
those in ground states) in transport far from equi-
librium. Such a phenomenon has been observed in
various one-dimensional lattice systems of hard-core
[28, 29] and soft-core [30] bosons, spinful fermions
[31], and spins [32–34]. Some of the observed be-
havior can be reproduced using ground states of ef-
fective Hamiltonians (different from the ones con-
sidered here) [31, 32, 34–36]. Another motivation
for our work are recent experiments exploring the
sudden expansion of ultracold fermionic and bosonic
gases in optical lattices [37–40]. One of those exper-
iments, which is of particular relevance to this work,
studied the sudden expansion of a Mott insulator
of strongly interacting bosons [40]. It was observed
that peaks develop in the momentum distribution
at nonzero momenta, signaling unconventional qua-
sicondensation [28]. Since the expansion in the ex-
periments occurs at energies far above the ground-
state energy, it has remained a mystery why quasi-
condensation (revealing the emergence of power-law
correlations) occurs in such systems.
In this work, we provide an explanation for this
phenomenon. We unveil the existence of a class
of nonequilibrium states that are eigenstates of an
emergent local Hamiltonian. We use the term emer-
gent to highlight that it is not trivially related to
the physical Hamiltonian dictating the dynamics.
The emergent Hamiltonian is explicitly time de-
pendent and behaves as a local conserved quantity,
even though it does not commute with the physical
Hamiltonian. The novelty of this class of states is
that they exhibit nontrivial time evolution despite
being eigenstates of a local conserved operator.
The concept of the emergent eigenstate solu-
tion provides new insights into several physical
phenomena. It explains why power-law correla-
tions with ground-state character emerge in current-
carrying states of integrable (or nearly integrable)
one-dimensional models. It also elucidates the dy-
namics of quasimomentum occupations in current-
carrying states, and suggests a way to dynamically
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tune the position of the peak of the quasimomen-
tum distribution function. In the context of entan-
glement entropy, the emergent eigenstate solution
shifts the focus from the entanglement entropy of
time-evolving states to the entanglement entropy of
eigenstates of local Hamiltonians. It also highlights
the physical relevance of highly-excited eigenstates
of integrable systems in which the entanglement en-
tropy does not exhibit a volume-law scaling.
The paper is organized as follows. In Sec. II, we
introduce the framework of the emergent eigenstate
description, and discuss properties of the emergent
local Hamiltonian. We also consider conditions for
the emergent eigenstate description to be valid. We
then discuss two physical applications in Secs. III
and IV. In Sec. III, we study transport and current-
carrying states of noninteracting fermions, hard-core
bosons, and in the Heisenberg model. We devote
special attention to cases in which the time-evolving
state is the ground state of the emergent local Hamil-
tonian. In Sec. IV, we study the sudden expansion
of quantum gases in a setup close to the one realized
in recent experiments in optical lattices. Finally, in
Sec. V, we focus on the entanglement entropy of the
current-carrying states studied in Sec. III. We show
that highly-excited eigenstates that do not exhibit
volume-law scaling of the entanglement entropy are
the ones of relevance to the problems studied here.
We summarize our results, and discuss other possible
applications of the emergent eigenstate description,
in Sec. VI.
II. EMERGENT EIGENSTATE
DESCRIPTION
A. Construction of the emergent Hamiltonian
We consider systems initially described by a
Hamiltonian
Hˆ0 = Hˆ + γPˆ , (1)
where Hˆ and Pˆ are extensive sums of local oper-
ators, namely, of operators with support on O(1)
lattice sites. The parameter γ may take any value,
including γ →∞ (for which Hˆ0/γ → Pˆ ). We there-
fore do not require any of the two operators Hˆ or Pˆ
to act as a perturbation. We consider initial states
|ψ0〉 that are eigenstates of Hˆ0,
(Hˆ0 − λ)|ψ0〉 = 0 , (2)
where λ is the corresponding energy eigenvalue.
In the quantum quenches of interest here, at time
t = 0, the time-independent Hamiltonian Hˆ0 is
changed instantaneously into the time-independent
Hamiltonian Hˆ (γ = 0 after the quench), and the
initial state evolves as |ψ(t)〉 = e−iHˆt|ψ0〉 (we set
~ = 1). We relate the operators involved in such
quenches by means of the equation
[Hˆ, Pˆ ] = ia0Qˆ , (3)
where Qˆ is a local operator and a0 is some constant.
We now manipulate Eq. (2), by inserting an iden-
tity Iˆ = eiHˆte−iHˆt and multiplying by e−iHˆt on the
left, leading to(
e−iHˆtHˆ0eiHˆt − λ
)
|ψ(t)〉 ≡ Mˆ(t)|ψ(t)〉 = 0 , (4)
where Mˆ(t) is a time-dependent operator in the
Schro¨dinger picture (it is time independent in the
Heisenberg picture, MˆH(t) = Hˆ0 − λ). In general,
Mˆ(t) is highly nonlocal and, hence, of no particular
interest. Its nonlocal character is apparent in the
series expansion of e−iHˆtHˆ0eiHˆt, which is an infinite
sum of nested commutators of Hˆ and Hˆ0. Each non-
vanishing higher-order commutator usually extends
the spatial support of the products of operators in-
volved in Mˆ(t). Using Eq. (3), we can write
Mˆ(t) = Hˆ0−λ+γa0t Qˆ+γa0
∞∑
n=1
(−i)n t
n+1
(n+ 1)!
Hˆn,
(5)
where Hˆn represents the n-th order commutator of
Hˆ with Qˆ
Hˆn = [Hˆ, [Hˆ, . . . [Hˆ, Qˆ] . . .]]︸ ︷︷ ︸
n commutators
. (6)
Even though the expansion (5) has, in general,
zero radius of convergence, there are physically rel-
evant problems for which Mˆ(t) becomes a local op-
erator. This can occur either if Hˆn vanishes at
some finite n0 or if the nested commutators close
the sum (5). If Mˆ(t) is a local operator, we de-
fine Hˆ(t) ≡ Mˆ(t). Physically, we interpret Hˆ(t) as
being an emergent local Hamiltonian. Hˆ(t) is a lo-
cal conserved operator of the time-evolving system
(it is time independent in the Heisenberg picture,
HˆH(t) = Hˆ0 − λ). Its novelty comes from the fact
that, despite being conserved, it does not commute
with the Hamiltonian Hˆ that governs the dynamics.
This is possible only because Hˆ(t) is time dependent
in the Schro¨dinger picture.
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Whenever the emergent Hamiltonian description
can be invoked, instead of explicitly time evolving
the wavefunction, one only needs to find a single
eigenstate |Ψt〉 of Hˆ(t) satisfying
Hˆ(t)|Ψt〉 = 0 . (7)
Equations (1)-(4) imply that, in the absence of de-
generacies, this eigenstate is |ψ(t)〉. We call this sce-
nario the emergent eigenstate solution to quantum
dynamics. It gives rise to a new class of nonequilib-
rium states: states that simultaneously exhibit non-
trivial time evolution and are eigenstates of a time-
dependent local operator that is conserved during
the time evolution of the system. By conserved we
mean that the expectation value of Hˆ(t) is time in-
dependent under dynamics generated by Hˆ.
The simplest family of quantum quenches in which
the emergent eigenstate solution to quantum dynam-
ics can be used is the one in which
Hˆ1 = [Hˆ, Qˆ] = 0 . (8)
It results in an emergent local Hamiltonian of the
form
Hˆ(t) = Hˆ0 − λ+ γa0t Qˆ . (9)
There are families of quantum quenches for which
Qˆ is not exactly conserved (Hˆn is nonzero for all
n), but for which the time-dependent state is expo-
nentially close to an eigenstate of the emergent local
Hamiltonian for times that are proportional to the
system size. In the context of physical applications,
we are interested in families of quantum quenches
that fall into this category. In such quenches Qˆ is
conserved up to boundary terms. Next, we discuss a
criterion for the applicability of the emergent eigen-
state description for those quenches, and clarify the
role of the initial state.
B. Emergent eigenstate description for
approximately conserved operators
If Qˆ is not exactly conserved, i.e., Hˆn 6= 0 for
all n, but it is approximately conserved (e.g., [Hˆ, Qˆ]
results in terms with support only at the boundaries
of the system), one may still invoke the emergent
eigenstate description by truncating the series (5)
at some n0. For the discussion in this section, we
assume that one can truncate the series at n0 = 1.
As a result, the emergent local Hamiltonian Hˆ(t) has
the form (9). In principle, such Hˆ(t) is not conserved
since in the Heisenberg picture
HˆH(t) = Hˆ0 − λ+ γa0
∞∑
n=1
in
n tn+1
(n+ 1)!
Hˆn . (10)
Nevertheless, there are families of initial states
for which Hˆ(t) behaves as being approximately con-
served for an extensive (in system size) time. In
these cases, one can show that
〈ψ(t)|Hˆ(t)|ψ(t)〉 = ε(t), (11)
where
lim
L→∞
ε(t) = 0 ∀ t <∞ (12)
and L denotes the (linear) system size.
To see how Eqs. (11) and (12) imply that eigen-
state |Ψt〉 of the emergent local Hamiltonian Hˆ(t)
becomes indistinguishable from the time-evolving
state |ψ(t)〉 with increasing system size, let us write
|ψ(t)〉 in the basis defined by the eigenstates of Hˆ(t):
|ψ(t)〉 =
√
1− ηt |Ψt〉+
D∑
m=2
c
(m)
t |Ψ(m)t 〉, (13)
where, from the normalization of |ψ(t)〉, we have
that ηt =
∑D
m=2 |c(m)t |2, ηt ∈ [0, 1], and D is the
corresponding Hilbert-space dimension.
Using Eqs. (7) and (13), Eq. (11) can be rewritten
as
〈ψ(t)|Hˆ(t)|ψ(t)〉 =
D∑
m=2
∣∣∣c(m)t ∣∣∣2E(m)t = ε(t), (14)
where E
(m)
t is the eigenenergy corresponding to
eigenstate |Ψ(m)t 〉, Hˆ(t)|Ψ(m)t 〉 = E(m)t |Ψ(m)t 〉. We
then see that for Eq. (12) to be satisfied one gener-
ally needs
lim
L→∞
D∑
m=2
∣∣∣c(m)t ∣∣∣2 = 0 , (15)
yielding limL→∞ ηt = 0.
Equation (11) can also be written as the expecta-
tion value of HˆH(t) in the initial state as
〈ψ0|HˆH(t)|ψ0〉 = γa0
∞∑
n=1
in
n tn+1
(n+ 1)!
〈ψ0|Hˆn|ψ0〉 = ε(t) .
(16)
Hence, even though HˆH(t) is explicitly time depen-
dent, the emergent local Hamiltonian can behave as
3
a conserved quantity in some nonequilibrium states
for extensively (in the system size) long times.
For most practical applications, the emergent
eigenstate description provides a useful framework if
the lowest-order terms in Eq. (16) are exactly zero.
Moreover, an extensive time of validity will be ob-
tained if an extensive number of expectation values
〈ψ0|Hˆn|ψ0〉 vanish independently. This can be re-
alized for systems in which Qˆ is conserved up to
boundary terms (see the next two sections).
The concept of the emergent eigenstate descrip-
tion formulated in this section opens a new window
for studies of dynamics far from equilibrium. For
example, if |ψ(t)〉 were the ground state of an emer-
gent local Hamiltonian, then all the tools developed
to study ground states of quantum systems could
immediately be applied to understand a system far
from equilibrium. As we discuss next, there are ex-
perimentally relevant time-evolving states that are
ground states of such emergent local Hamiltonians.
In the following, we report two applications of
the emergent eigenstate solution: we study trans-
port and current-carrying states in Sec. III, and the
sudden expansion of quantum gases in optical lat-
tices in Sec. IV. In both applications, we make use of
the property that even though Qˆ is not exactly con-
served (because of boundary terms), the emergent
Hamiltonian satisfies Eq. (11) with an exponentially
small ε(t) over extensively (in the system size) long
times. In Sec. V, we study entanglement properties
of the emergent local Hamiltonian.
III. TRANSPORT IN INTEGRABLE
LATTICE SYSTEMS
Transport of particles (or spin, energy, etc) far
from equilibrium is a topic that has been attracting
increasing attention in the context of isolated quan-
tum systems. A convenient way to simulate current-
carrying states in such systems is to prepare initial
states with particle (spin, energy) imbalance that
mimics large reservoirs, and let them evolve under
homogeneous Hamiltonians. One of the most stud-
ied setups is the “melting” dynamics of a sharp do-
main wall [28, 31, 41–49]. This setup is a particular
case of the more general one considered below.
A. Noninteracting spinless fermions and
hard-core bosons
We first construct an emergent eigenstate solu-
tion for systems of noninteracting spinless fermions
and hard-core bosons. We focus on one-dimensional
chains with L = 2N+1 sites (N is the particle num-
ber) and open boundary conditions. We prepare the
initial state with particle imbalance by applying a
linear gradient along the chain [33, 36, 50].
The initial state for noninteracting spinless
fermions (SF) is the ground state of
Hˆ0,SF = HˆSF + γPˆSF, (17)
where the kinetic energy and the potential energy
terms, respectively, are
HˆSF = −J
N−1∑
l=−N
(fˆ†l+1fˆl + H.c.) , (18)
PˆSF =
1
L
N∑
l=−N
l nˆl . (19)
Here, fˆ†l creates a spinless fermion at site l, and the
site occupation operator is nˆl = fˆ
†
l fˆl. The prefactor
1/L in Eq. (19) ensures that the expectation value of
PˆSF is extensive in system size. The strength of the
linear gradient γ is measured in units of the hopping
amplitude J , and we set J = 1. In the limit γ →
∞, we simplify (17) and consider Hˆ0,SF = PˆSF, see
Appendix A for details.
We require γ to be large enough such that, in
the ground state of Hˆ0,SF, there exist regions with
site occupations one and zero at the chain bound-
aries. This is achieved for γ > γ∗ = 4, where
γ∗ is the critical value needed for the Nth single-
particle Wannier-Stark state to be a Bessel function
with support on L = 2N + 1 sites. The time evo-
lution of such initial state under HˆSF produces a
current-carrying state |ψ(t)〉. We are interested in
this current-carrying state before the propagating
front of particles reaches the chain boundary.
We also study the same setup for hard-core
bosons, which can be mapped onto spin-1/2 systems,
and noninteracting spinless fermions [51]. The inter-
est in this model, which is the infinite on-site repul-
sion limit of the Bose-Hubbard model, is two fold:
(i) it has been studied in experiments with ultracold
atoms [38, 40], and (ii) in and out of equilibrium,
the correlation functions can be very different from
those of noninteracting fermions [16, 51].
For hard-core bosons, we replace HˆSF (18) by
HˆHCB = −
N−1∑
l=−N
(bˆ†l+1bˆl + H.c.), (20)
while, as a consequence of the mapping, the poten-
tial term is identical to PˆSF (19). Infinite repulsion is
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enforced by the constraints (bˆl)
2 = (bˆ†l )
2 = 0, where
bˆ†l is the boson creation operator at site l. We calcu-
late expectation values of observables by expressing
operators in terms of spinless fermions and following
Refs. [28, 29].
Within the setup in this section, Eq. (3) results in
a0 = −1/L and
QˆSF =
N−1∑
l=−N
(ifˆ†l+1fˆl + H.c.) , (21)
which is the particle current operator in an open
lattice. In finite systems with open boundaries, QˆSF
is not exactly conserved since
Hˆ1,SF = [HˆSF, QˆSF] = −2i(nˆ−N − nˆN ) . (22)
As a result, all higher-order commutators Hˆn,SF (6)
are nonzero. However, we show in the following that
an extensive (in system size) number of expectation
values of Hˆn>1,SF vanish in the initial state. Equa-
tion (5) can then be truncated at n = 2 to get the
emergent local Hamiltonian
HˆSF(t) = −
N−1∑
l=−N
(fˆ†l+1fˆl + H.c.) − λ+
γ
L
(
N∑
l=−N
l nˆl
− t
N−1∑
l=−N
(ifˆ†l+1fˆl + H.c.) + t
2(nˆ−N − nˆN )
)
. (23)
Note that HˆSF(t) includes the difference between
site-occupation operators at the lattice boundaries
(times t2). As we argue below, the emergent eigen-
state solution is accurate as long as the propagat-
ing front of particles (holes) does not reach the
chain boundary, i.e., as long as 〈nˆ−N (t)〉 = 1 and
〈nˆN (t)〉 = 0. Therefore, in what follows, we replace
nˆ−N → 1 and nˆ−N → 0 in Eq. (23), which ensures
that the target eigenstate |Ψt〉 of the ensuing emer-
gent local Hamiltonian Hˆ′SF(t),
Hˆ′SF(t) = −A(t)
N−1∑
l=−N
(eiϕ(t)fˆ†l+1fˆl + H.c.)
+
γ
L
N∑
l=−N
l nˆl −
(
λ− γt
2
L
)
, (24)
is the ground state. |Ψt〉 is the ground state of
Hˆ′SF(t) because the latter state is nondegenerate at
all times. Hence, since |Ψt〉 is the ground state at
t = 0, it must be the ground state at all times.
In Eq. (24), we merged the kinetic and the cur-
rent operators from Eq. (23) into a single operator,
characterized by the hopping amplitude
A(t) =
√
1 + (γt/L)2 (25)
and the phase
ϕ(t) = arctan
(
γt
L
)
. (26)
In the ground state of Hˆ′SF(t), the phase ϕ(t) deter-
mines the position of the maximum of the quasimo-
mentum distribution function.
To prove that HˆSF(t) and Hˆ′SF(t) are indeed rele-
vant to the dynamics of interest here, we computed
the expectation values of higher-order commutators
Hˆn,SF in the initial state (16). The results are re-
ported in Appendix B for the case in which γ−1 = 0,
i.e., for the initial sharp domain wall. The analysis
reveals that the emergent eigenstate description is
exponentially accurate for t . N(2/e). Since the
maximal group velocity in the lattice is vmax = 2 (in
units of Ja/~, where a is the lattice spacing), the
physical picture consistent with this time restriction
is that the emergent Hamiltonian description (23)
is valid so long as the expanding particles (holes) do
not reach the edge of the lattice, t . N/vmax = N/2.
In that case, the dynamics is expected to be identi-
cal to that of a semi-infinite domain wall, for which
the boundaries are irrelevant.
We complement the analytical results in Ap-
pendix B, and the physical picture that has emerged
from them, by numerically calculating the sub-
tracted overlap 1 − O(t) = 1 − |〈Ψt|ψ(t)〉| and the
expectation value 〈ψ(t)|Hˆ′SF(t)|ψ(t)〉. In Fig. 1, we
plot the numerical results for those quantities versus
the rescaled time t/τ for various system sizes, where
τ is given by the expression [33, 36]
τ = N
√
1−
(
γ∗
γ
)2
. (27)
Note that τ = N for γ−1 = 0.
In Fig. 1, 1 − O(t) and 〈ψ(t)|Hˆ′SF(t)|ψ(t)〉 are
zero within machine precision at short times and
start departing from zero when t/τ approaches 1/2,
as advanced by our physical picture for γ−1 = 0.
The same argument applies for nonzero γ−1. How-
ever, that case is more involved since: (i) the ini-
tial state exhibits a metallic interface between the
left/right regions with maximal/vanishing site oc-
cupations, and (ii) the velocity of the propagating
front is not constant [see Fig. 7(a) in Appendix D].
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FIG. 1. Times of validity of the emergent eigenstate
description. (a) Subtracted overlap |1 − O(t)|, where
O(t) = |〈Ψt|ψ(t)〉|, of the time-evolving state |ψ(t)〉 with
the ground state |Ψt〉 of the emergent local Hamiltonian
Hˆ′SF(t) (24). (b) Expectation value of the emergent lo-
cal Hamiltonian Hˆ′SF(t) in the time-evolving state |ψ(t)〉.
Results in both panels are shown for different values of
γ−1 = 0, 0.1, and 0.2, and three different system sizes
L = 2N + 1, as indicated in the legend. For γ−1 = 0,
Hˆ′SF(t) is taken as explained in Appendix A. We rescale
time dividing by τ (27), which is proportional to the
system size, to demonstrate the validity of the emergent
eigenstate solution for t/τ . 0.5 when L→∞.
In Appendix D, we show that the time t∗ at which
the site occupations at the boundaries of the lattice
depart from their initial values is t∗/τ = 1/2.
The results in Fig. 1 demonstrate that, as long as
the emergent local Hamiltonian Hˆ′SF(t) behaves as a
conserved operator, which is the case whenever par-
ticles (or holes) have not reached the chain bound-
ary, the ground state of Hˆ′SF(t) is indistinguishable
from the time-evolving state |ψ(t)〉, as advanced in
Sec. II B.
We now turn our focus to physical properties of
current-carrying states that can be described using
the emergent eigenstate solution. We study one-
particle properties such as site occupations, parti-
cle currents, decay of one-body correlations, and the
quasimomentum distribution function.
The mapping of hard-core bosons onto noninter-
acting spinless fermions [51] implies identical site
occupations for bosons and fermions. Their dy-
namics, nl(t) = 〈ψ(t)|nˆl|ψ(t)〉, from initial states
with particle imbalance has been studied in the
past [28, 33, 36, 41–44]. In many instances, plot-
ting site occupations versus site positions divided
by a function of the evolution time results in data
collapse. In the setup under consideration here, this
is achieved (for any γ > γ∗) by plotting site occu-
pations versus l˜ = lγ(t)/(2L), where γ(t) = γ/A(t).
This results in a time- and γ-independent site occu-
pation profile nl˜(t) = arccos(l˜)/pi for −1 < l˜ < 1, as
shown in Fig. 2(a). One can use nl˜(t) to derive the
velocity of the propagating front of particles (holes)
as a function of time [see Appendix D and Fig. 7(a)].
Another observable that yields identical expecta-
tion values for noninteracting fermions and hard-
core bosons is the particle current QˆSF (21).
Since QˆSF does not commute with HˆSF on a lat-
tice with open boundaries, its expectation value
〈ψ(t)|QˆSF|ψ(t)〉 is time dependent [41]. By invok-
ing the Heisenberg representation and properties of
higher-order commutators of HˆSF with QˆSF, as dis-
cussed in Appendix B, one gets that
〈ψ(t)|QˆSF|ψ(t)〉 = 2t 〈ψ0| (nˆ−N − nˆN ) |ψ0〉, (28)
i.e., the particle current increases linearly in time
and is proportional to the difference in site occu-
pations at boundary. This result was generalized
in Ref. [48] to different families of current-carrying
states, including interacting spinless-fermion sys-
tems. The relation (28) can already be inferred
from Eq. (23) by requiring the expectation value of
the emergent local Hamiltonian on the time-evolved
state to be time independent. This suggests that
Eq. (28) is accurate for the same times for which
the emergent eigenstate description is, and it breaks
down when the front of propagating particles (holes)
reaches the lattice boundary. Hence the particle cur-
rent in this setup belongs to the class of observables
whose expectation values out of equilibrium are con-
trolled, for an extensive (in system size) time, by
expectation values of observables in the initial state.
Next we study one-body correlations in the
current-carrying states. This is of particular in-
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FIG. 2. Site occupations and nonlocal correlations in
current-carrying states. (a) Site occupations nl(t) =
〈ψ(t)|nˆl|ψ(t)〉 versus l˜ = lγ(t)/(2L). Results are shown
for N = 200 particles, different values of γ, and differ-
ent times. The black solid line is the scaling solution
nl˜(t) = arccos(l˜)/pi for −1 < l˜ < 1. The main panels in
(b) and (c) display C(x) ≡ C0,x, where Cj,l = |〈fˆ†j fˆl〉| for
noninteracting spinless fermions (b) and Cj,l = |〈bˆ†j bˆl〉|
for hard-core bosons (c), as a function of x for N = 2000
particles, γ−1 = 0, at time t/τ = 0.35. The solid lines
overlapping with the numerical results are C(x) = 1/(pix)
in (b) and C(x) = 0.29/√x in (c) [33]. The insets in (b)
and (c) display the absolute values of all elements of the
one-body density matrix for the same model parameters
and time as the main panels, but calculated for N = 200
particles.
terest since an intimate relation between current-
carrying states and power-law correlations has been
observed for over the last thirty years [28, 30–34, 52–
54]. For noninteracting fermions [41] and hard-core
bosons [28], previous studies revealed that the emer-
gent (when starting from the sharp domain wall)
power-law correlations in the current-carrying states
exhibit ground-state exponents (ground state with
respect to the physical Hamiltonian). This is an in-
triguing result because: (i) in thermal equilibrium
in one dimension, power-law correlations can only
be found in the ground state, and (ii) the current-
carrying states considered here have energy densities
well above that of the ground state of the physical
Hamiltonian. The emergent eigenstate solution in-
troduced in this work explains why ground-state-like
correlations emerge during the far-from-equilibrium
dynamics: the time-evolving states are ground states
of emergent local Hamiltonians.
Figures 2(b) and 2(c) show the spatial decay C(x)
of one-body correlations at time t/τ = 0.35 for a
sharp domain wall γ−1 = 0 (a product state with
no correlations at all) as initial state. We define
C(x) ≡ C0,x, where C0,x = |〈fˆ†0 fˆx〉| for noninteracting
fermions and C0,x = |〈bˆ†0bˆx〉| for hard-core bosons.
For the former [Fig. 2(b)], one-body correlations de-
cay as C(x) = | sin(pix/2)|/(pix) [41], while for the
latter [Fig. 2(c)], they decay as C(x) = 0.29/√x [33].
The spatial decay of C(x) (for 0 < nl < 1) is iden-
tical for all γ > γ∗ and t/τ < 0.5. The insets in
Figs. 2(b) and 2(c) display density plots of the ab-
solute values of all elements of the one-body density
matrix.
When computing the quasimomentum distribu-
tion function
mq(t) =
1
L
∑
j,l
eiq(j−l)〈ψ(t)|Gˆj,l|ψ(t)〉, (29)
in which Gˆj,l = fˆ†j fˆl for noninteracting fermions and
Gˆj,l = bˆ†j bˆl for hard-core bosons, not only do the ab-
solute values of Gˆj,l [see Fig. 2] matter, but also their
phases. Results for mq(t) are shown in Fig. 3 at dif-
ferent times and for different values of γ. The max-
imum of mq(t) exhibits two generic features during
the dynamics: (i) it increases with time (coherence
is dynamically enhanced), and (ii) its position shifts
towards higher quasimomenta.
In the ground state of the emergent local Hamil-
tonian (24), the peak position is determined by
the phase ϕ(t), which is identical for noninteract-
ing fermions and hard-core bosons. We discuss its
properties in Appendix D and Figs. 7(c)–7(d). Our
analysis reveals that the peak emerges and stays at
q = pi/2 if the initial state is a sharp domain wall (a
perfect product state, i.e., γ−1 = 0). For all nonzero
values of γ−1, the position of the peak changes with
time and is limited to quasimomenta below pi/2.
For noninteracting fermions, increasing γ−1 in-
creases the spatial extent of the metallic interface
in the initial state, which results in an increase of
mq=0(t = 0), see Figs. 3(a) and 3(b). In Appendix C
we analytically show that
mq(t = 0) =
N
L
+ 2γ−1 cos(q). (30)
The dynamics of the quasimomentum distribution
mq(t) is obtained by a straightforward generalization
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FIG. 3. Dynamics of the quasimomentum distribution function mq(t). (a) and (b): mq(t) for N = 1000 noninteracting
spinless fermions. (c) and (d): mq(t) for N = 1000 hard-core bosons. Results are shown for γ
−1 = 0.10 in (a) and
(c), and for γ−1 = 0.20 in (b) and (d). Solid lines depict the numerical results, while the dashed lines in (a) and
(b) were obtained using Eq. (31). Dotted vertical lines in all panels represent the shift of the peak in mq(t) at time
t/τ = 0.5, and is given by Eq. (D4).
of Eq. (30): (i) we change q → q(t) = q−ϕ(t) due to
the time-dependent phase (26), and (ii) replace γ →
γ(t) = γ/A(t) to account for the time-dependent
hopping amplitude (25). This results in
mq(t) = mq(t = 0) +
2t
N
sin(q). (31)
The predictions of Eq. (31), plotted as dashed lines
in Figs. 3(a) and 3(b), are indistinguishable from
the numerical results (solid lines) obtained by time-
evolving the initial state.
The quasimomentum distribution mq(t) of hard-
core bosons is markedly different from the fermionic
one. This is a consequence of quasicondensation in
the ground state |Ψt〉 of the emergent local Hamil-
tonian (24). Such a dynamical quasicondensation
was studied theoretically in Ref. [28], in which the
maximum value (in time) of the largest eigenvalue of
the one-body density matrix was shown to scale as√
N , and observed experimentally in Ref. [40]. The
specific setup of Refs. [28, 40] is discussed in Sec. IV.
Summarizing our presentation so far, we have in-
troduced a physically relevant example in which the
emergent eigenstate solution is applicable and for
which the target eigenstate is the ground state of
the emergent local Hamiltonian. This allowed us to
understand why power-law correlations (and quasi-
condensation) can occur in transport problems far
from equilibrium. It also helped us gain an ana-
lytic understanding of the behavior of quasimomen-
tum distribution functions, for which phase factors
in one-body correlations lead to peaks at nonzero
quasimomenta.
B. Heisenberg model
The generality of the framework in Sec. II suggests
that the emergent local Hamiltonian description is
not restricted to noninteracting models or models
mappable onto them. Here we demonstrate that this
is indeed the case. We focus on one of the most
widely studied models of quantum magnetism, the
spin-1/2 XXZ chain. In contrast to the setup studied
in Sec. III A, the (approximately) conserved operator
Qˆ in this case is not the particle current, but the
energy current.
To make an explicit connection with the re-
sults obtained for noninteracting fermions, we map
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the spin-1/2 XXZ model onto interacting spinless
fermions [51], and follow the notation from Sec. III A
HˆV =
N−1∑
l=−N+1
hˆl(V ) , (32)
hˆl(V ) = −
(
fˆ†l+1fˆl + H.c.
)
+ V
(
nˆl − 1
2
)(
nˆl+1 − 1
2
)
,
where V denotes the amplitude of nearest-neighbor
interaction. We consider systems with open bound-
aries and L = 2N lattice sites.
The operator Bˆ(V ), which is the boost opera-
tor [55] for the energy current Qˆ(V ), plays the role
of Pˆ for noninteracting fermions. Bˆ(V ) is defined as
Bˆ(V ) =
N−1∑
l=−N+1
l hˆl(V ) , (33)
and satisfies the relation [HˆV , Bˆ(V )] = iQˆ(V ). The
energy current operator
Qˆ(V ) =
N−2∑
l=−N+1
{(
ifˆ†l+2fˆl + H.c.
)
−V
(
ifˆ†l+1fˆl + H.c.
)(
nˆl+2 − 1
2
)
− V
(
ifˆ†l+2fˆl+1 + H.c.
)(
nˆl − 1
2
)}
. (34)
is exactly conserved ([HˆV , Qˆ(V )] = 0) for periodic
boundary conditions, and it is sometimes denoted as
Qˆ3 because each of its terms has support on three
lattice sites [55, 56].
Bˆ(V ) disconnects the left from the right part of
the chain at the bond denoted by l = 0. As a conse-
quence, the sharp domain wall of spinless fermions,
|ψ0〉 =
∏0
l=−N+1 fˆ
†
l |∅〉, is an eigenstate of Bˆ(V ) with
eigenvalue λ = 0. We set the initial Hamiltonian
Hˆ0(V ) = Bˆ(V ) and focus on the sharp domain wall
as initial state so that Eq. (2) is satisfied with λ = 0.
We construct the emergent local Hamiltonian
HˆV (t) by following the derivation in Sec. II, starting
from Hˆ0(V ). In analogy to Eq. (9), we define
HˆV (t) = Bˆ(V ) + t Qˆ(V ) . (35)
We refer to the eigenstate of HˆV (t) that describes
the dynamics as |ΨVt 〉.
The first question to be answered is the accuracy
of the eigenstate |ΨVt 〉 to describe the time-evolving
state |ψV (t)〉. We follow the analysis presented in
Sec. II B. In the setup considered here (i.e., a finite
system with open boundaries), the operator Qˆ(V ) is
not exactly conserved since
[HˆV , Qˆ(V )] = −i
[(
1 +
V 2
4
)(
hˆ
(1)
−N+1 − hˆ(1)N−1
)
+V
(
nˆ−N+1 − nˆ−N+2
)2
− V
(
nˆN−1 − nˆN
)2]
,(36)
with −N + 1 being the leftmost site. The expecta-
tion value of this commutator in the initial state (16)
vanishes. To demonstrate the validity of the emer-
gent eigenstate description for an extensive (in sys-
tem size) time (12), one needs to show that an ex-
tensive number of expectation values of higher-order
commutators vanishes. This procedure is analogous
to the one carried out for noninteracting fermions in
Appendix B. Even though obtaining a general ex-
pression for high-order commutators of the Heisen-
berg model is a daunting task, two consecutive com-
mutators beyond Eq. (36) confirm that the largest
support of the operators in Eq. (16) grows linearly
with the power of t in Eq. (16), and that site occupa-
tion operators emerge in pairs (see Appendix E). We
therefore conjecture that the time regime in which
the emergent Hamiltonian description is exponen-
tially accurate increases with the size of the initial
domain wall, and hence with the total particle num-
ber N , as for noninteracting fermions.
We complement the analysis above with numeri-
cal calculations. We use full exact diagonalization
to calculate the time-evolved wavefunction |ψV (t)〉
and the eigenstate |ΨVt 〉 of the emergent local Hamil-
tonian HˆV (t). We add a small onsite potential to
HˆV (t) in the leftmost site (−10−3 nˆ−N+1) to break
the degeneracy of |ΨVt 〉 with other eigenstates with
zero eigenenergy. This does not change |ΨVt 〉. It only
changes its eigenenergy as 〈nˆ−N+1〉 = 1 (maximal
site occupancy) for the times for which the emer-
gent Hamiltonian description is valid.
In Fig. 4(a), we plot the overlap between |ΨVt 〉 and
|ψV (t)〉 for V = 0, 1.2 and different system sizes. All
the overlaps are nearly one for t/N . 0.5 (see also
the inset), independently of whether the system is
interacting (V = 1.2) or not (V = 0). The results in
the inset of Fig. 4(a) reveal that, as N increases, the
ratio t/N for which |ΨVt 〉 and |ψV (t)〉 are identical
within computer precision increases. These results
are qualitatively similar to those in Fig. 1(a) and
support the expectation that the emergent eigen-
state description is also valid for interacting systems.
The emergent local Hamiltonian HˆV (t) (35) in-
cludes the noninteracting point V = 0. The sharp
domain wall melting of noninteracting fermions can
therefore be described either by an eigenstate |Ψt〉
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FIG. 4. Emergent Hamiltonian description of the domain-wall melting for interacting spinless fermions. (a) Overlap
O(t) = |〈ΨVt |ψV (t)〉| as a function of rescaled time t/N for V = 1.2 (from full exact diagonalization) and V = 0
(noninteracting system), and different system sizes. The inset depicts |1−O(t)|. For N = 6, 7, and 8 (see inset), the
results for interacting and noninteracting fermions are virtually indistinguishable at short times. Results for larger
system sizes are only available for the noninteracting case. (b) and (c) Site and quasi-momentum occupations for
V = 1.2 obtained from |ψV (t)〉 (symbols) and from |ΨVt 〉 (lines; data shown for N = 8 at time t/N = 0.35). (b)
Site occupations nl(t) for N = 8 and different times as a function of the rescaled coordinate (l − 1/2)/t. The data
collapses onto a line [57] as for noninteracting particles [40]. (c) Quasi-momentum distribution function mq(t) for
different system sizes and the same rescaled time t/N = 0.35.
of Hˆ′SF(t) (24) with γ−1 = 0, or by an eigenstate
|ΨV=0t 〉 of HˆV=0(t). The two Hamiltonians describe
different physics, nevertheless, they share at least
one identical eigenstate |Ψt〉 = |ΨV=0t 〉. Note, how-
ever, that |Ψt〉 used in Sec. III A is the ground state
of Hˆ′SF(t), while |ΨVt 〉 used here is a highly excited
eigenstate of HˆV (t).
We now turn to physical properties of the current-
carrying state. The shape of the propagating front
has been already studied in the literature [34, 57, 58].
In Fig. 4(b), we plot the time evolution of the site oc-
cupations for V = 1.2. The results collapse onto the
same curve when the lattice positions are divided
by time. For V < 2 [57], as in Fig. 4(b), the site
occupations do not differ significantly from the non-
interacting case displayed in Fig. 2(a). In contrast,
the quasimomentum distribution [see Fig. 4(c)] ex-
hibits a pronounced difference with respect to the
noninteracting case. This is because mq(t) develops
a peak at q > pi/2. For noninteracting fermions the
peak emerges and remains at q = pi/2 at all times.
Further studies are needed to understand in a sys-
tematic way the effects of interactions and the role
of initial states in long-lived current-carrying states
of interacting spinless fermions.
IV. SUDDEN EXPANSION OF QUANTUM
GASES IN OPTICAL LATTICES
In this section, we discuss the application of the
emergent eigenstate description to the symmetric ex-
pansion of trapped ultracold spinless fermions, or
hard-core bosons, after the harmonic confining po-
tential is suddenly turned off but the optical lat-
tice remains on. This is different from traditional
time-of-flight measurements in which all potentials,
including the optical lattice, are turned off and the
particles expand in free space.
In recent experiments studying such setups,
strongly-interacting bosons were initially prepared
in one-dimensional Mott insulating states with one
boson per site in the center of the trap [38, 40]. For
very strong on-site repulsive interactions, one can
think of such bosons as hard-core bosons and their
expansion dynamics is that of a domain wall “melt-
ing” symmetrically. So long as there remain sites
with occupation one, the melting on each side can be
described independently using the emergent eigen-
state solution from Sec. III A. The question that re-
mains is whether an emergent eigenstate solution ex-
ists after the occupation of the sites in the center of
the system drops below one (but before the expand-
ing fronts reach the edges of the lattice).
To answer that question, we study the dynamics of
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FIG. 5. Sudden expansion of noninteracting spinless
fermions, or hard-core bosons, in optical lattices. (a) Site
occupations nl(t) = 〈ψ(t)|nˆl|ψ(t)〉 at different times. (b)
Overlap O(t) = |〈Ψt|ψ(t)〉| between the time-evolving
state |ψ(t)〉 and the eigenstate |Ψt〉 of the emergent lo-
cal Hamiltonian (39), and |1 − O(t)| in the inset. The
results are plotted versus the rescaled time t/N for four
system sizes. When increasing the number of particles
N , O(t) = 1 within machine precision (see inset) until
t/N ≈ 1.
2N + 1 noninteracting spinless fermions (or, equiv-
alently, hard-core bosons) on an open lattice with
L = 6N+1 sites, running from −3N to 3N . We con-
sider the initial state |ψ0〉 =
∏
l∈L0 fˆ
†
l |∅〉, with the
central sites L0 ≡ {−N,−N+1, ..., N} occupied, see
Fig. 5(a), and the remaining ones empty. In anal-
ogy to Sec. III A, the calculations can be straightfor-
wardly extended to initial eigenstates that contain
metallic (superfluid) domains surrounding the region
with one fermion per site. Similar setups have been
studied for hard-core bosons [28, 29, 59], as well as
interacting soft-core bosons [30, 59, 60] and spinful
fermions [31, 61, 62].
The initial product state |ψ0〉 is an eigenstate
of any Hamiltonian that is a sum of site occupa-
tion operators with arbitrary coefficients, which in-
cludes the linear and harmonic potentials. The
emergent eigenstate solution can be constructed for
both cases [63]. Here, we consider the linear poten-
tial, for which the analysis is simpler, Hˆ0,SE = PˆSE,
where the operator
PˆSE =
1
L
3N∑
l=−3N
l nˆl (37)
is essentially the one defined in Eq. (19). An im-
portant difference w.r.t. Sec. III A is that, here, the
initial state is not the ground state of Hˆ0,SE, but a
highly excited state with eigenenergy λ = 0. The
dynamics is studied under
HˆSE = −
3N−1∑
l=−3N
(fˆ†l+1fˆl + H.c.) . (38)
Figure 5(a) shows the site occupations of the
fermions, or, equivalently, hard-core bosons, at dif-
ferent times.
The emergent local Hamiltonian for this setup is
HˆSE(t) = 1
L
3N∑
l=−3N
l nˆl − t
L
3N−1∑
l=−3N
(ifˆ†l+1fˆl + H.c.) .
(39)
Even though this Hamiltonian is essentially the one
in Eq. (24) in the limit γ−1 → 0, the target eigen-
state |Ψt〉 lies in the center of the spectrum, and it
is highly degenerate. Nevertheless, since the single-
particle spectrum is nondegenerate, |Ψt〉 can be
uniquely obtained as the Slater determinant com-
prising 2N + 1 consecutive single-particle states and
giving λ = 0. This is the way |ψ0〉 is constructed.
As for the domain wall melting, the emergent local
Hamiltonian (39) is in general not a conserved opera-
tor. The particle current operator does not commute
with HˆSE due to the open boundary conditions (22),
which makes each higher-order commutator Hˆn,SE in
Eq. (10) nonzero. However, the support of operators
in Hˆn,SE grows linearly from the lattice boundaries,
as shown by the analysis in Appendix B. As a result,
the number of expectation values of Hˆn,SE that van-
ish in our initial state can be made arbitrarily large
by just increasing the number of empty sites in the
initial state. This results in the emergent eigenstate
description being correct for arbitrarily long times
independently of whether the site occupations in the
center of the trap are one or below one during the
expansion dynamics.
We verify the conclusions above by numerically
calculating the overlap O(t) = |〈Ψt|ψ(t)〉| [see
Fig. 5(b)]. The results in Sec. III A for γ−1 = 0
may lead one to conclude that the emergent eigen-
state description will break down at t/N ≈ 0.5 [see
Fig. 1(a)]. In contrast, in Fig. 5(b), no change is
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observed in the dynamics of O(t) at time t/N = 0.5,
i.e., when the region with one atom per site in the
center of the lattice has melted. Instead, O(t) starts
deviating from 1 around t/N ≈ 1. This is a conse-
quence of particles reaching the lattice boundaries
(the initial state has 2N empty sites on each side).
The emergent eigenstate description of the sudden
symmetric expansion is therefore a nontrivial exten-
sion of the transport problems studied in Sec. III A.
The fact that the dynamics for t/N < 0.5 within
each half of the lattice in the symmetric expansion
is identical to the domain-wall melting studied in
Sec. III A allows us make an interesting observa-
tion. Namely, expectation values of observables in
the ground state of Eq. (24) at γ−1 → 0 are iden-
tical to the ones in a highly-excited eigenstate of
Eq. (39) for a system that is two times larger. As
for the XXZ chain, this implies that power-law cor-
relations, which in thermal equilibrium can only be
observed in the ground state, also occur in highly-
excited eigenstates of integrable Hamiltonians.
V. ENTANGLEMENT ENTROPY OF THE
TARGET EIGENSTATE
The evolution of the entanglement entropy in
transport problems has been studied both for non-
interacting [36, 57, 58] and interacting fermions [34,
58]. In the following, we focus on the domain-wall
melting in the Heisenberg model and the underlying
emergent local Hamiltonian HˆV (t) (35). The entan-
glement entropy is defined as
S = −Tr{ρˆL log ρˆL} = −Tr{ρˆR log ρˆR}, (40)
where the reduced density matrix of the left/right
subsystem is ρˆL/R = TrR/L{ρˆ}, i.e., a trace over
the complement subsystem of the total density ma-
trix ρˆ. The length of both subsystems is set to
L/2. We focus on the entanglement entropy of ex-
cited eigenstates of the emergent local Hamiltonian
HˆV (t), where the density matrix of eigenstate n is
ρˆ(n) = |Ψ(n)t 〉〈Ψ(n)t |. We are interested in the scaling
of the entanglement entropy with the system size.
In particular, we would like to distinguish between
states that exhibit a volume-law scaling (S/L =
const when L → ∞), and states with vanishing en-
tropy density (S/L → 0 when L → ∞), which in-
clude area-law states and critical states S ∼ log(L).
We first focus on the entanglement entropy S0 of
the eigenstate of HˆV (t) that describes the domain-
wall melting. Previous studies of the domain-wall
melting in quantum spin chains suggested a loga-
rithmic growth with time [34, 58]. Here, we are
interested in the entanglement entropy at a fixed
rescaled time t/N to extract the dependence on the
system size. Following Ref. [58], we take the follow-
ing ansatz
S0 =
1
4
log
(
L
2
)
+
1
12
log
(
t
N
)
+
1
6
log
[
sin
(
pit
N
)]
+ k′, (41)
where k′ is a constant. This heuristic ansatz is mo-
tivated by, but not equal to, the result for the local
quench [64, 65]. It was shown to provide accurate
results, up to small temporal oscillations, for nonin-
teracting fermions and the Heisenberg chain [58].
Equation (41) predicts that, for a fixed t/N , the
quantity S0− (1/4) log (L/2) should be independent
of the lattice size. The numerical results in Fig. 6(a)
are, up to small temporal fluctuations, consistent
with this expectation. This confirms that the entan-
glement entropy per site S0/(L/2) vanishes in the
thermodynamic limit [see circles in Fig. 6(b)]. The
novel aspect about this result is that it demonstrates
that there are highly excited energy eigenstates of
the interacting Hamiltonian HˆV (t) that exhibit a
non-volume law scaling of the entanglement entropy.
They are of relevance to transport problems like the
ones studied here. Their contribution is expected to
be negligible in the context of statistical mechanics.
On the other hand, the majority of eigenstates
are expected to exhibit a volume-law scaling with
system size. In Fig. 6(b), we calculate the aver-
age entanglement entropy Savr of D/5 eigenstates
of the many-body spectrum. Here, D = (LN) is the
Hilbert space dimension, and we choose the eigen-
states {|Ψ(m)t 〉; m ∈ [m0−D/10,m0+D/10]}, where
m0 is the eigenstate that describes the domain-wall
melting. The dashed line in Fig. 6(b) is a linear ex-
trapolation of the entanglement entropy density vs
1/L to L → ∞. It makes apparent that the entan-
glement entropy of the majority of the eigenstates of
the emergent local Hamiltonian exhibits a volume-
law scaling with the system size.
Our results thereby highlight the importance of
gaining a better understanding of the entanglement
entropy of highly-excited eigenstates of interacting
integrable models [66–73]. Eigenstates with non-
volume-law scaling of the entanglement entropy exist
throughout the spectrum, and they may play a spe-
cial role in nonequilibrium states such as the ones
studied here.
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FIG. 6. Entanglement entropy of eigenstates of the emergent local Hamiltonian HˆV (t) (35) for V = 1.2. (a) Entan-
glement entropy S0 of the eigenstate |Ψt〉 that describes the domain-wall melting, after subtracting (1/4) log(L/2),
for different system sizes L and N = L/2. The thick solid line displays the ansatz (41) with k′ = 0.529 as an
average of k′(L) for L = 14, 16, 18. [For a given L, we obtain k′(L) by fitting the numerical result to Eq. (41).] (b)
Entanglement entropy per site at time t/N = 0.35 as a function of the inverse system size. Diamonds depict the
average entanglement entropy Savr per site of D/5 eigenstates of the many-body spectrum (see text for details; for
L = 18 we average over 103 eigenstates). The solid line is obtained from Eq. (41) for the same value of k′ as in (a).
The dashed line is a linear fit to Savr/(L/2) = a1/L+ a2 for L ≥ 14, with a1 = 0.076 and a2 = 0.308.
VI. DISCUSSION AND OUTLOOK
The emergent eigenstate solution to quantum dy-
namics introduced in this work uncovers a new class
of nonequilibrium states. The key property of this
class of states is that they are eigenstates of a local
operator we call the emergent Hamiltonian, which
behaves as a conserved quantity. We have intro-
duced a general framework that can be used to con-
struct emergent local Hamiltonians. They are ex-
plicitly time dependent and do not commute with
the physical Hamiltonian.
We constructed emergent local Hamiltonians for
simple experimentally relevant setups in which the
Hamiltonian before the quench is either the boost
operator or the boost operator plus the final Hamil-
tonian. Those setups are relevant to transport in
systems with initial particle (or spin) imbalance, and
to the sudden expansion of quantum gases in opti-
cal lattices. We should stress, however, that emer-
gent local Hamiltonians can also be constructed to
describe the dynamics of initial states that are sta-
tionary states of Hamiltonians that do not contain
the boost operator [63].
We used the emergent eigenstate solution in the
context of noninteracting spinless fermions, hard-
core bosons, and the Heisenberg model. We have
shown that: (i) time-evolving current-carrying states
can be ground states of emergent local Hamiltoni-
ans. The description of this family of states does
not require one to invoke the concept of local equilib-
rium, which is often applied to describe nonequilib-
rium steady states. The quasimomentum distribu-
tion of those states exhibits a maximum at nonzero
quasimomentum, which can be tuned by modify-
ing the initial state. Our results explain the main
features observed in a recent experiment with ul-
tracold bosons in optical lattices [40]. (ii) Time-
evolving states can also be highly-excited eigenstates
of emergent local Hamiltonians, with entanglement
entropies that do not exhibit volume law scaling.
This highlights the physical relevance of some non-
volume-law states in the bulk of the spectrum of
integrable Hamiltonians to quantum dynamics.
There are problems of current interest in various
fields to which the emergent eigenstate description
introduced in this work can be applied: (i) The
quench dynamics of thermal equilibrium states (rel-
evant to theory and experiments dealing with ultra-
cold quantum gases). Two recent studies of that
problem were undertaken in Refs. [63, 74], in which
(mixed) time-evolving states were shown to be Gibbs
states of the emergent local Hamiltonian Hˆ′SF(t) in
Eq. (24), and an effective cooling observed numer-
ically was explained analytically using Hˆ′SF(t) [74].
(ii) In the context of periodically driven systems,
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related ideas have been recently used to engineer
integrable Floquet dynamics. Namely, to engineer
driven systems that do not exhibit chaotic behavior
under a periodic drive [75]. (iii) As pointed out by
a referee, the construction introduced in this work
can also be used to design fast forward Hamiltoni-
ans, which aim at bringing a system from the ground
state of one Hamiltonian to the ground state of an-
other Hamiltonian. This has potential applications
in atomic, molecular and optical physics to design
protocols that are much faster than the ones relying
on adiabatic processes [76]. (iv) Even though the
systems considered here are integrable, the emer-
gent eigenstate construction only requires finding
one conserved (or almost conserved) operator for a
given initial state. This hints possible applications
to (weakly) nonintegrable systems. The emergence
of power-law correlations in the (nonintegrable) one-
dimensional Bose-Hubbard model [30], lends sup-
port to this expectation.
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Appendix A: Initial sharp domain wall
A possible initial state to study current-carrying
states is a sharp domain wall (a product state), in
which the first N sites (L0 ≡ {−N,−N+1, . . . ,−1})
of the lattice with open boundaries are occupied,
and there are N + 1 empty sites (l ∈ {0, 1, . . . , N}).
This state is an eigenstate of Hˆ0,SF (17) in the limit
γ → ∞ in (17) and results in λ = −(N + 1)/2. To
avoid confusion with the limit N →∞, we consider
in this case the initial Hamiltonian Hˆ ′′0,SF = PˆSF and
the emergent local Hamiltonian
Hˆ′′SF(t) =
1
L
N∑
l=−N
l nˆl − t
L
N−1∑
l=−N
(ifˆ†l+1fˆl + H.c.)
−
(
λ− t
2
L
)
. (A1)
To obtain the results for γ−1 = 0, we therefore
use the ground state |Ψt〉 of Hˆ′′SF(t) [relevant to
Fig. 1(a)] and calculate 〈ψ(t)|Hˆ′′SF(t)|ψ(t)〉 [relevant
to Fig. 1(b)].
Appendix B: Commutation relations for
noninteracting spinless fermions
The criterion (16) shows that the time regime in
which the emergent Hamiltonian description (24)
can be applied is related to the expectation values of
higher-order commutators Hˆn,SF in the initial state.
We consider initial states that are ground states of
Hˆ0,SF (17) at γ > γ
∗, i.e., they exhibit extensive (in
system size) regions of site occupancy one/zero at
the lattice boundaries. To understand the structure
of Hˆn,SF, it is useful to evaluate a few terms beyond
Hˆ1,SF (22). The operator Hˆ2,SF is proportional to
Hˆ2,SF ∝ [HˆSF, (nˆ−N − nˆN )] = i
(
ˆ
(1)
−N + ˆ
(1)
N−1
)
,
(B1)
where we have defined a generalized current opera-
tor with support on m+1 sites as: ˆ
(m)
l = (ifˆ
†
l+mfˆl+
H.c.). Analogously, one can define a generalized ki-
netic energy operator: hˆ
(m)
l = (fˆ
†
l+mfˆl + H.c.). In
Eq. (B1), the current operators have support on two
sites at the chain boundaries. Hence, the expecta-
tion values in the initial state yield zero.
New terms in higher-order commutators are gen-
erated symmetrically at both ends of the chain, so
let us focus on the left end. The operator Hˆ3,SF
contains
[HˆSF, ˆ
(1)
−N ] = −i
[
hˆ
(2)
−N + 2(nˆ−N − nˆ−N+1)
]
. (B2)
Again, this term vanishes in the initial state.
Moving forward, the following commutation rela-
tions are useful:
[HˆSF, ˆ
(m)
l ] = −i× (B3)[(
hˆ
(m+1)
l − hˆ(m+1)l−1
)
+
(
hˆ
(m−1)
l − hˆ(m−1)l+1
)]
,
for the generalized current operator,
[HˆSF, hˆ
(m)
l ] = i× (B4)[(
ˆ
(m+1)
l − ˆ(m+1)l−1
)
+
(
ˆ
(m−1)
l − ˆ(m−1)l+1
)]
,
for the generalized kinetic energy operator (m > 0),
and
[HˆSF, nˆl] = i
(
ˆ
(1)
l − ˆ(1)l−1
)
, (B5)
for the site occupation operator. In Eqs. (B3)–(B5),
the operator at site l − 1 vanishes if l = −N .
One can see from Eqs. (B3)–(B5) that the maxi-
mal support of the operators in Hˆn,SF, which are all
one-body operators, grows linearly with n. More-
over, from Eq. (B3) for m = 1, one can see that
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site occupation operators nˆl and nˆl+1 emerge in
pairs. Since the initial states under consideration
are product states at the boundaries, this advances
that an extensive (in system size) number of terms
in Eq. (16) vanishes.
For concreteness, let us focus on initial states that
are sharp domain walls (as defined in Appendix A).
The site occupation operators nˆl and nˆl+1, which
emerge in pairs, cancel each other in sharp domain
walls unless l = −1. This occurs for the first time
in operator Hˆ2N+1,SF. Hence, the first nonvan-
ishing expectation value in Eq. (16) (after t2) is
〈ψ0|Hˆ2N+1,SF|ψ0〉. The coefficient in front of this
term is t2N+2/(2N + 2)!, and for the validity of the
emergent eigenstate description it is sufficient that
it be exponentially small. Using Stirling’s formula
(N  1), we get the condition t . N(2/e). By com-
parison to exact numerical results in Fig. 1(a), we
show that this analysis correctly predicts the time
of validity of the emergent eigenstate description to
be proportional to the particle number N (or the
system size L).
Appendix C: Quasimomentum distribution of
noninteracting fermions in a linear potential
Here, we derive Eq. (30). We study the Wannier-
Stark Hamiltonian in the infinite volume limit,
Hˆ = −
∞∑
l=−∞
(
fˆ†l fˆl+1 + h.c.
)
+
γ
L′
∞∑
−∞
l nˆl , (C1)
where γ is finite, and L′/γ determines the width of
the localized states. These localized single-particle
Wannier-Stark eigenstates can be written as
ηˆ†n|∅〉 =
∞∑
l=−∞
Jl−n(α)fˆ
†
l |∅〉 , (C2)
where n is a site-index, Jl−n(α) is the Bessel func-
tion of the first kind, |∅〉 is the vacuum state, and
we define α ≡ 2L′/γ. The eigenstate above rep-
resents a wave function localized at site n with a
width given by α. In order to produce the domain-
wall initial state, we consider a many-body state
|ψ′0〉 =
∏−1
n=−∞ ηˆ
†
n|∅〉 with 2α < L′, i.e., γ > 4.
One-body correlations Cl,m = 〈ψ′0|fˆ†l fˆm|ψ′0〉 for
l 6= m can be expressed as
Cl,m =
−1∑
n=−∞
Jl−n(α)Jm−n(α) (C3)
=
α
2(l −m) [Jm+1(α)Jl(α)− Jm(α)Jl+1(α)] .
for any l,m ∈ Z with l 6= m. Note that Cl,m ≈
0 for |l|, |m|  α. We use Cl,m to calculate the
contribution of the off-diagonal matrix elements of
the one-body density matrix to mq, which we define
as
mq = lim
N ′→∞
1
L′
N ′∑
l,m=−N ′
eiq(l−m)Cl,m . (C4)
This formula calculates the quasimomentum distri-
bution on a line of length L′ = 2N ′ + 1. In the
limit N ′ → ∞, L′, which also defines the width of
the localized Wannier-Stark states, goes to infinity.
This is required in order to correctly define the ther-
modynamic limit of this system. If the width of
the Wannier-Stark states, α, did not grow as L′,
the state would go to a step-like domain-wall in the
N ′ → ∞ limit and render the quasimomentum dis-
tribution trivial.
The diagonal contribution to mq is given by the
average site occupation which for the half-filled case
considered here is always 1/2. We define the off-
diagonal contribution as m¯q ≡ mq − 1/2, so that
m¯q = lim
N ′→∞
1
L′
N ′∑
l 6=m=−N ′
eiq(l−m)Cl,m
= lim
N ′→∞
1
L′
N ′∑
l 6=m=−N ′
α eiq(l−m)
2(l −m) (C5)
× [Jm+1(α)Jl(α)− Jm(α)Jl+1(α)] .
We express 1/(l − m) (for l 6= m) as an integral,
1/(l −m) = ∫ 1
0
dxxl−m−1, giving
15
0.0 0.1 0.2 0.3 0.4 0.5
t/τ
0.0
0.5
1.0
1.5
2.0
v
∗
(a)
γ−1 = 0.02
γ−1 = 0.1
γ−1 = 0.2
0.0 0.1 0.2 0.3 0.4 0.5
t/τ
0.0
0.2
0.4
0.6
0.8
1.0
∆
m
(b)
γ−1 = 0
γ−1 = 0.02
γ−1 = 0.1
γ−1 = 0.2
0.0 0.1 0.2 0.3 0.4 0.5
t/τ
0
pi/4
pi/2
ϕ
(c)
γ−1 = 0.02
γ−1 = 0.1
γ−1 = 0.2
0.00 0.05 0.10 0.15 0.20 0.25
γ−1
0
pi/4
pi/2
ϕ
(d) t/τ= 0.02
t/τ= 0.1
t/τ= 0.3
t/τ= 0.5
FIG. 7. Site and quasimomentum occupations of noninteracting spinless fermions for N/L = 1/2. (a): Velocity of
the propagating front v∗(t) (D1). (b): Amplitude of the quasimomentum distribution function for noninteracting
fermions ∆m(t) (D2). (c) and (d): Position of the peak of the quasimomentum distribution function ϕ(t) (D4).
Results are shown versus t/τ in (a)–(c), and versus γ−1 in (d).
m¯q = lim
N ′→∞
α
2L′
∫ 1
0
dx
N ′∑
l,m=−N ′
eiq(l−m)xl−m−1 [Jm+1(α)Jl(α)− Jm(α)Jl+1(α)]
= lim
N ′→∞
α
2L′
∫ 1
0
dx
N ′∑
l,m=−N ′
[
eiq(xeiq)l(xeiq)−(m+1)Jm+1(α)Jl(α)
− x−2e−iq(xeiq)l+1(xeiq)−mJm(α)Jl+1(α)
]
(C6)
Using the generating function for Bessel functions of
the first kind,
∑∞
n=−∞ Jn(α)x
n = exp[α(x−x−1)/2],
reinstating α = 2L′/γ, and taking the limit, we get,
m¯q = γ
−1
∫ 1
0
dx
(
eiq − x−2e−iq)
= 2γ−1 cos q .
(C7)
As a result, the quasimomentum distribution func-
tion reads
mq =
1
2
+ 2γ−1 cos q . (C8)
Appendix D: Site and quasimomentum
occupations for noninteracting fermions
Here we provide further details, which comple-
ment the analysis in Sec. III A, about the time evo-
lution of the site and quasimomentum occupations
in the current-carrying states.
We first derive the time t∗ at which the site occu-
pations at the boundaries of the chain depart from
their initial values. In the ground state of Hˆ′SF(t),
t∗ can be obtained from the Wannier-Stark solution
using that γ/A(t∗) = γ∗ (γ∗ = 4 for L/N = 2). Sub-
stituting A(t∗) from Eq. (25), this expression can be
simplified to t∗/L = (γ∗)−1
√
1− (γ∗/γ)2. In the
case of γ−1 = 0, it yields t∗/L = 1/γ∗. By com-
paring that to t∗/N = 1/vmax = 1/2, one can see
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that γ∗/vmax = L/N . We choose the unit of time τ
such that t∗ satisfies t∗/τ := 1/vmax. This results in
τ = N(t∗/L)γ∗, or Eq. (27) for the particular case
in which L/N = 2.
The site occupations shown in Fig. 2(a) exhibit
data collapse upon replacing the site positions l →
l˜ = lγ(t)/(2L), where γ(t) = γ/A(t). This scal-
ing enables one to obtain a closed expression for
the position l∗(t) of the propagating front by set-
ting l∗(t)γ(t)/(2L) = 1. It also allows one to deter-
mine the velocity of the propagating front, v∗(t) =
dl∗(t)/dt, which can be expressed in units of t/τ as
v∗(t) = 2
t
τ
N
L
√
1− (γ∗γ−1)2√
γ−2 +
(
t
τ
)2 (N
L
)2 [
1− (γ∗γ−1)2
] .
(D1)
This expression makes clear that v∗(t) = 2 only
when γ−1 = 0, i.e., for the initial product state.
On the other hand, for nonzero γ−1, one gets that
v∗(t) < 2. The time evolution of v∗ is plotted in
Fig. 7(a) for three values of γ.
Next, we study the quasimomentum distribution
mq(t) (29). We focus on two quantities: (i) the time
evolution of ϕ(t) (26), which gives the position of
the peak in mq(t), and (ii) the amplitude
∆m(t) = Max[mq(t)]−Min[mq(t)] (D2)
of mq(t) for noninteracting spinless fermions.
The time-dependent renormalization of the ampli-
tude of mq(t), invoked in the derivation of Eq. (31),
suggests that ∆m(t) = 4A(t)/γ = 2√γ−2 + (t/L)2.
Hence, ∆m(t) increases linearly with t only when
γ−1 = 0 (the initial amplitude is zero), yielding
∆m(t) = 4t/L. In all other cases, the amplitude
increase is slower than linear.
By expressing ∆m in units of t/τ , one gets
∆m(t) = 4
√
γ−2 +
(
t
τ
)2(
N
L
)2 [
1− (γ∗γ−1)2
]
,
(D3)
which is plotted in Fig. 7(b). Note that ∆m(t) = 1
for t∗/τ = 0.5, implying that, at the time at which
the expanding front reaches the chain boundary,
there exist one quasimomentum that is fully occu-
pied and one that is empty.
The position of the peak of the quasimomentum
distribution in the ground state of Hˆ′SF(t) (24) is
determined by the phase ϕ(t) = arctan(γt/L). This
result reveals that the position of the peak during
the expansion of a domain wall evolves from q = 0
towards q = pi/2, with the only exception being the
initial product state, γ−1 = 0. In that case, the peak
is located at q = pi/2 at all times t > 0. In terms of
t/τ , one can write the phase ϕ as
ϕ(t) = arctan
[
t
τ
N
L
√
γ2 − (γ∗)2
]
. (D4)
We plot ϕ versus t/τ in Fig. 7(c), and versus γ−1 in
Fig. 7(d). The plots show that, for any nonzero value
of γ−1, the position of the peak in mq(t) remains
below q = pi/2 at all times.
Appendix E: Commutation relations in the
Heisenberg model
In this Appendix, we provide explicit expressions
for two consecutive nested commutators of the op-
erator Qˆ(V ) (34) with HˆV (32). The result for the
second-order commutator on the left boundary of
the chain is given by:[
HˆV ,
[
HˆV , Qˆ(V )
]]∣∣∣∣
left boundary
= ˆ
(2)
−N+1
−V
[
ˆ
(1)
−N+1
(
nˆ−N+3 − 1
2
)
+ 2ˆ
(1)
−N+2
(
nˆ−N+1 − 1
2
)]
+
V 2
4
ˆ
(2)
−N+1 −
V 3
4
ˆ
(1)
−N+1
(
nˆ−N+3 − 1
2
)
. (E1)
In the latter expression, the maximal support of the
operators extends on the three leftmost lattice sites,
and gives zero when acting on the initial state. In
the same manner, the third-order commutator acts
at most on the four leftmost lattice sites,
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[
HˆV ,
[
HˆV ,
[
HˆV , Qˆ(V )
]]]∣∣∣∣
left boundary
= i
{
−
[
hˆ
(3)
−N+1 + (hˆ
(1)
−N+1 − hˆ(1)−N+2)
]
+ V
[
hˆ
(2)
−N+1
(
nˆ−N+4 − 1
2
)
+ 2hˆ
(2)
−N+2
(
nˆ−N+1 − 1
2
)
− hˆ(2)−N+1
(
nˆ−N+2 − 1
2
)
− ˆ(1)−N+1ˆ(1)−N+3
+ 2(nˆ−N+1 − nˆ−N+2)
(
nˆ−N+3 − 1
2
)
+ 2(nˆ−N+2 − nˆ−N+3)
]
− V
2
4
[
hˆ
(3)
−N+1 + (hˆ
(2)
−N+1 − hˆ(1)−N+2) + 4hˆ(1)−N+1
(
nˆ−N+3 − 1
2
)
+ 8hˆ
(1)
−N+2
(
nˆ−N+1 − 1
2
)(
nˆ−N+4 − 1
2
)
− 2hˆ(1)−N+2
]
+
V 3
4
[
hˆ
(2)
−N+1
(
nˆ−N+4 − 1
2
)
+ hˆ
(2)
−N+1
(
nˆ−N+2 − 1
2
)
− ˆ(1)−N+1ˆ(1)−N+3 + 2(nˆ−N+1 − nˆ−N+2)
(
nˆ−N+3 − 1
2
)]
− V
4
4
hˆ
(1)
−N+1
(
nˆ−N+3 − 1
2
)}
,
(E2)
giving again zero when acting on the initial state.
Locality of the Hamiltonian HˆV (32) guaranties that
in every new generation, the support of operators
will increase at most for one site, similarly to non-
interacting fermions in Appendix B. As for the non-
interacting case, we then conjecture the times for
which the emergent Hamiltonian description of the
Heisenberg model is exponentially accurate to in-
crease nearly linearly with N . The numerical results
in Fig. 4(a) confirm this hypothesis.
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